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A case is made  for  the  use of  s imple mode ls  of  g roundwa te r  f low emphas iz ing  the  
sa l ient  regional  charac ter i s t ics  of  g r o u n d w a t e r  basins  and  for  re la t ing  t h e m  to  bas in-wide 
fea tures  of  g r o u n d w a t e r  flow. As an  example  a s imple fo rmula  for  the  " n a t u r a l  bas in  
y i e ld"  as def ined  by  Freeze  is ca lcula ted  f rom a mode l  which  was i n t r o d u c e d  by  T6 th .  The  
T 6 t h  mode l  is t h e n  e x t e n d e d  to  take  seasonal  f l uc tua t ions  of  the  wa te r  table  in to  a c c o u n t ;  
the  type  of  response  of  the  i n s t a n t a n e o u s  head  d i s t r ibu t ion  in the  basin  due  to  elast ic 
s torage in the  aqui fer  m a y  range f rom severe d i s to r t ions  of  T 6 t h ' s  s teady-s ta te  d i s t r i bu t ion  
to  vi r tual ly  no  d i s to r t ion .  The  t ype  of  response  depends  o n  two  ra t ios  wh ich  can  be easily 
ca lcula ted  f rom the  bas in  parameters .  

I N T R O D U C T I O N  

In the management of  groundwater and specifically in the protect ion of  
this basic resource from contamination, hydrologists rely heavily on models 
predicting or simulating hydraulic head in the subsurface, enabling them to 
predict flow paths and transient times of  contaminant  and thus to design and 
implement remedial action. More and more reliance is placed on sophisticated 
numerical models, but  in regional settings (e.g., groundwater basins} efficient 
use can be made of  analytic solutions to the differential equation of ground- 
water flow, since in such a broad context  local basin properties, which are 
usually very inhomogeneous,  are of less importance than the average proper- 
ties of the basin as a whole; therefore, the groundwater manager is often able 
to, and should, replace a highly complicated system by an average system of 
simple configuration and homogeneous properties. Models of  such an aver- 
aged system have distinct advantages: (1) they are less costly and less time- 
consuming to operate; (2) they are more likely to yield an insight into the 
physical parameters or combinations of  parameters which affect the response 
of the basin. These advantages are quite obvious if one considers the number  
of calibration runs that  usually must  be performed with numerical models 

0 0 2 2 - 1 6 9 4 / 8 0 / 0 0 0 0 - - 0 0 0 0 / $ 0 2 . 2 5  © 1980  Elsevier Scient i f ic  Publ i sh ing  C o m p a n y  



334 

before a satisfactory model is obtained, and the tedious work involved in 
sensitivity analyses of these models. 

In the following sections this basic idea of obtaining regional character- 
i,tics of a groundwater basin will be explored in more detail, based on a 
simplified basin representation which was conceived by Toth (1962) to ex- 
plain his observations of local features of groundwater motion on the west- 
ern part of the Canadian Plains. Tdth (1963a) later extended the theory to 
a "composi te"  basin consisting of a series of sinusoidal, minor valleys and 
water divides superimposed on the slope of a larger regional basin. Freeze 
(1969) extended the same ideas further into multi-layered basins but in 
order to do so had to make use of numerical techniques for the solution of 
the differential equation of groundwater flow. Thus, both Tdth and Freeze 
went from a global to a more specific, precise basin representation, whereas 
in this paper the emphasis will be on the response of the basin as a whole. 

TOTH's (1962) MODEL OF A DRAINAGEBASIN AND NATURAL BASIN YIELD 

It is now more than a decade and a half since Tdth (1962) published the 
results of his studies of groundwater flow in small drainage basins, thereby 
introducing some radically new concepts into the description of regional 
groundwater flow. Flow concepts were until then mainly of an intuitive and 
qualitative character and rigorous mathematical--physical t reatment was 
limited to problems in well hydrology and drainage. Tdth showed that  under 
certain conditions of geology and topography, which he found in the gently 
rolling plains of central Alberta, closed systems of groundwater motion must 
exist, bounded laterally by a water divide and an adjacent valley bottom. 
Observation further showed that  t h e  water table in these valleys generally 
followed the ground surface and could be approximated by an inclined 
plane. By stipulating further: (1) that  at some depth a subhorizontal forma- 
tion of relatively low permeability exists; (2) that  there is no appreciable 
flow component  in the direction parallel to the valley bot tom; and (3) that  
the actual trapezoidal flow domain may be replaced by a rectangular domain, 
then a two-dimensional steady-state boundary value problem was defined, 
permitting an explicit solution for the groundwater head (see also the 
Notation for symbols used in this paper): 

g o = B/2  -- 4 8  ~ cos(tim x/L)cosh(~m y /L ) / [ f i~  cosh(~ m D/L)]  (1) 
m = l  

where 

H 0 (x, y) = (p/g, the groundwater head, with reference point 
(H0 = 0) at the valley bot tom {L) 

(P = gY + fPo (dp/p) ,  the fluid potential (L 2/T 2 ) 
g = acceleration of gravity (L/T 2 ) 
B = elevation difference between divide and valley bot tom (L) 
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~m 
2C 

L 

P 
Y 
D 

-- (2m -- 1)g 
= horizontal coordinate (L) 
= horizontal distance between divide and valley bot tom (L) 
= density of the water (M/L 3 ) 
= vertical coordinate (L) 
= depth of horizontal impermeable base below valley 

bot tom (L) 

Eq. 1 is taken from T6th (1962) with only minor changes in notation.  Fig. 1, 
reproduced here from T6th's (1962) paper, again with only minor changes in 
notation,  shows the actual and theoretical regions of flow, while Fig. 2, also 

NOTATION 

List of symbols 

B elevation difference between valley bot tom and divide 
b B/L 
C amplitude of the cyclic fluctuation of the water table 
c C/L 
D depth to the impermeable boundary 
d D/L 
F Fix/L , y/D, co, 2nt/P), a function describing the deviation of the 

head distribution from the steady-state distribution 
f f(D/L), a function describing the dependence of the natural basin 

yield on D]L 
g acceleration of gravity 
H H(x, y, t), the nonsteady groundwater head 
Ho Ho(x,y)b the steady-state groundwater head 
h H/L 
ho Ho/L 
K permeability 
L length of the basin along the x-axis 
P period of the cyclic fluctuation of the water table 
Q total natural basin yield per unit of time per unit width parallel 

to the valley bot tom 
S s specific storage 
s Laplace transform variable 
t time 
t' dimensionless time Kt/(SsL 2 ) 
U h - - h o  - = ( H - - H  o)]L 
u u(s) = L{U(t)}, Laplace transform of U, f~exp(--s t)U(t)dt  
x horizontal coordinate 
x' x/L 
y, vertical coordinate 
y y/L 
a n ~(2n -- 1)~]d, where n is a summation index 
~rn (2m -- 1)~, where m is a summation index 

2 + ~  "fnrn O:n 
q) fluid potential 
co 2~Ss L2/PK 
p density of water 

(L) 
(dimensionless) 
(L) 
(dimensionless) 
(L) 
(dimensionless) 

(L /T : )  
(L) 
(L) 
(dimensionless) 
idimensionless) 
(L/T) 
(L) 
(W) 

( L2 IT) 
( l /L )  

iT) 

(dimensionless) 

(L) 
(dimensionless) 
(L) 
idimensionless) 

(L 2/T 2 ) 

(dimensionless) 
(M/L 3 ) 
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Fig. 1. Cross-sect ion of  a valley, showing real and theoret ica l  boundar ies  and flow regions, 
f rom T6th  (1962).  

reproduced from T6th (1962), shows potential distributions and flow lines 
in two such systems. Some of the important  conclusions which T6th derived 
from this model are quoted here: 

" . . . the potent ia l  d is t r ibut ion  is symmetr ica l  with respect  to  the  mid-line be tween  
the valley b o t t o m  and the  water  divide. A flow line tha t  originates at the air--water  
interface at a specific dis tance uphill f rom the mid-line will end at the same distance 
downhi l l  f rom the mid-line. Thus the  discharge is d is t r ibuted  over the area be tween  the  
mid-line and the valley b o t t o m . . .  " 

From the viewpoint of groundwater management an important  general 
characteristic is the natural basin yield, since it relates directly to the basin 
safe yield. Freeze (1969} defined natural basin yield as: 

" T h e  quan t i ty  of  f low th rough  an undeve loped  basin under  natural  cond i t i ons"  

and gives an excellent discussion of the relationship between natural and safe 
yield, and also of the influence of periodic fluctuations of the water table on 
the natural basin yield to which this paper will turn in the next  section. 

Basin yield can easily be formulated for the T6th model from eq. 1 as 
the integral of the flux across the equipotential line which forms the mid-line 
(Fig. 2): 

~ ( ~ H ° t  dy Q 
KJ o \ Ox Ix = L]2 

where 

Q = 

K = 

the total natural basin yield per unit  width parallel to the 
valley bot tom per unit  of time (L 2/T) 
the average basin permeability (L/T) 
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Fig. 2. Two-dimensional theoretical potential distribution and flow patterns for different 
depths to the horizontal impermeable boundary, from T6th (1962). 

Carrying o u t  the  d i f f erent ia t ion  and integrat ion  w e  obtain:  

Q = 4 B K  ~ (--1)m-]tanh(flmD/L)/fJ~ = BKf(D/L)  
r n = l  

Thus  natural  basin y ie ld  turns o u t  to  be the  p r o d u c t  o f  the  basin c o n s t a n t s  
B and K and a s imple  f u n c t i o n  o f  the  rat io  D/L.  The f u n c t i o n  f is s h o w n  in 
Fig. 3. For  D/L -+ 0% the  series approaches  to:  

l im f (D /g )  = (4/7r2 ) [ 1 - -  (½)2 + (~)2 + . . . ]  = 0 . 3 7 1 2  
D / L-+ oo 

whereas for D/L -+ 0: 

lim f(D/L) = D/L 
D/L~O 

The latter limit is in agreement with T6th's (1962) conclusion that for 
elongated basin shapes all the equipotential lines except those near the 
valley bottom and divide become nearly vertical and hence the basin yield 
can be calculated by a simple application of Darcy's equation: 

Q = KD B/L 



338 

0.4 

~O~m_ i tanh (,SmDIL) 
Q/KB 

0.2 

0.3 

0.5 1.0 15 
D / L  

Fig. 3. Dimensionless  natural  basin yield Q/(KB) as func t ion  of  the slope of  the water  
table. 

THE E F F E C T  OF A F L U C T U A T I N G  WATER TABLE ON BASIN WIDE GROUND- 
WATER MOVEMENT 

Tdth (1962) recognized that  the assumption of a steady-state water table 
is not  true, but that  instead the water table exhibits a hinge-like seasonal 
fluctuation, the hinge point  being located halfway between divide and valley 
bottom. In his reply to the objections of Davis (1963), Tdth (1963) stated: 

" . . .  the theory  gives the long te rm average of  the potent ia l  d is t r ibut ion.  The theory  
does no t  yield quant i ta t ive ly- t rans ient  conf igura t ions  of  the f low p a t t e r n . . .  " 

He justifies the steady-state flow pattern on the ground that  the fluctuations 
of slope of the water table are usually small compared to the average slope 
and that  the mean position of the water table can therefore be taken as the 
upper boundary of the flow region. 

It is interesting, however, to investigate the effect of this type of water 
table f luctuation a little more closely and to see if gross basin characteristics 
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can give us an indica t ion  o f  h o w  well the  s teady-s ta te  f low pa t t e rn  describes 
g roundwate r  m o t i o n  unde r  actual  nons teady-s ta te  condi t ions .  To  this end,  
T o th ' s  model  was e x t e n d e d  to  include the cond i t ion  tha t  the  water  table 
undergoes  cyclic per iodic  f luc tua t ions  with a hinge po in t  at the mid-line 
(Fig. 4): 

H(y=D) = B/2 + [(C/L)sin(2~t/P) + B/L] (x -- L/2) 

where  

x,  y,  B, C and D have been def ined  in the  s teady-s ta te  mode l  
H = the  nons teady-s ta te  head  H(x, y, t) (L) 
C = the ampl i tude  of  the  f luc tua t ion  at  x -- 0 and x = L (L) 
P = the per iod  o f  the  f luc tua t ion  (T) 

The  me thod  of  solut ion and the  comple t e  equa t ion  for  H(x ,y ,  t) is given 
in Append ix  A. The  equa t ion  may  be wr i t ten  as: 

H(x ,y ,  t) = B/2 I 4[C sin(2~t/P) + B] ~ cos(~ m x/L)  cosh(~ m y/L)/  
D ~ = I  

[fl~ cosh(/3~ D / L ] - -  ( 8 ~ C  /D )F (2) 

where  

co = 27rSs L 2 /PK (dimensionless)  
Ss = the  average specific storage of  the  basin ( l / L )  
K = the  average permeabi l i ty  o f  the  basin (L/T)  
F = a func t ion  of  x/L,  y/D, co and 27rt/P given in 

Append ix  A 
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Fig. 4. Theoretical model of a groundwater basin with cyclically fluctuating water table. 
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Fig.  5. G r o u n d w a t e r  h e a d  in a b a s i n  t h r o u g h o u t  a c y c l e  o f  t h e  w a t e r  t ab le  f l u c t u a t i o n ;  
h i n g e  a t  t h e  m i d - p o i n t ,  B = 10 ,  C = 5, D = 5 0 0 0 ,  L -- 1 0 , 0 0 0 ,  co = 120 .  

The first two terms of  eq. 2 are immediately recognised as the steady-state 
solution, given the slope of  the water table at time t; the third term therefore 
represents the deviation from the Tdth  model. The relative importance of 
this deviation is thus no t  only a funct ion of C/B but also of the dimension- 
less factor  co; this factor  can be regarded as the ratio of SsL 2/K over P, both 
factors having the dimension of time. The factor  SsL 2/K occurs frequently 
in groundwater  hydrology and can be regarded as the time of  propagation of 
a head disturbance. The ratio co = 27rSsL2/KP is thus the time it takes for 
the whole basin to  respond to the f luctuat ion of  the water table as compared 
to the period of  the f luctuation itself. If co is small, the basin as a whole will 
respond quickly and assume a head distribution corresponding closely to the 
steady-state model  at each instant. However, if co is large, the head change 
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Time/period 
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Fig. 6. Groundwater head in a basin throughout a cycle of the water table fluctuation; 
hinge at the mid-point, B ---- 10, C = 5, D = 5,000, L = 10,000, co = 12. 

will lag the  wa te r  table  f l uc tua t ions  by  var ious  a m o u n t s  fo r  var ious  par t s  o f  
the  basin and  the  r e su l t an t  i n s t an t aneous  head  d i s t r ibu t ion  will be  severely 
d i s to r t ed  when  c o m p a r e d  to  the  s t eady-s ta te  d i s t r ibu t ion .  This  p h e n o m e n o n  
is c lear ly  i l lus t ra ted  in Figs. 5 and  6 which  give the  head  d i s t r ibu t ions  a t  ten  
successive ins tants  o f  t ime  dur ing  a c o m p l e t e  cycle  fo r  a high and  a low value 
of  co, respect ive ly .  

Because o f  the  s y m m e t r y  of  the  f l uc tua t ion  of  the  wa te r  table ,  eq. 2 is 
s y m m e t r i c  wi th  r e spec t  to  the  mid-l ine fo r  all t; an a s y m m e t r i c  head  distri- 
bu t ion  with  m o r e  severe d i s to r t ion  of  the  lines of  equal  head  is genera ted  if 
the  hinge p o i n t  is a s sumed  a t  the  val ley b o t t o m  as shown  in Fig. 7, where  the  
same cons t an t s  are used  as in Fig. 5. 
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Fig. 7. Groundwater head in a basin throughout a cycle of the water table fluctuation; 
hinge at the valley bottom, B -- 10, C ---- 5, D ---- 5000, L ---- 10,000, co -- 120. 

CONCLUSIONS 

Al though  sophis t ica ted  numer ica l  models  have proven  to  be of  great assist- 
ance in the  m a n a g e m e n t  o f  g roundwa te r  resources,  the s tudy  o f  the behav- 
iour  o f  basins or  o the r  g roundwate r  enti t ies  by  means  of  simplif ied models ,  
in which the salient features  are emphasized,  should no t  be neglected.  
Obviously  there  are risks involved in the  la t ter  course:  the risks of  over- 
s impl i f icat ion and of  missing less salient features  which nevertheless  m ay  
have a large inf luence  on the  response o f  the basin. The  assumpt ions  in the 
e x t e n d e d  T 6 t h  mode l  as p resen ted  here  are subject  to  cri t icism; nevertheless  
the insight gained in to  the na ture  of  the  parameters  cont ro l l ing  the a m o u n t  
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of  the deviat ion f rom the  s teady-s ta te  mode l  is applicable regardless of,  e.g., 
the  exac t  shape and f luc tua t ion  o f  the water  table (see Append ix  B for  
fu r the r  discussion).  

The  cons tan ts  used in Figs. 5--7 are p robab ly  exaggerated,  fo r  example ,  in 
the  area o f  Central  Alber ta  on which Td th ' s  (1962)  paper  is based,  approxi-  
mate  values of  the  paramete rs  are: 

D --~ 3 0 0 m ;  B ~ 2 0 0 m ;  C ~ 5 m ;  
Ss --~ 10 -s m -1 ; P--~ 365 days 

L ~ 1 0 , 0 0 0 m ;  
K ~ 0.1 m / d a y ;  

f rom which:  

C/B ~ 0.025,  c o ~ 3 0  

Thus,  in this case, a l though the  d i s to r t ion  coef f i c ien t  09 is high the  low value 
of  the rat io  C/B indicates t ha t  the  e f fec t  on the  head  d is t r ibut ion  is r a the r  
small. 

APPENDIX A -- SOLUTION OF THE BOUNDARY VALUE PROBLEM FOR GROUND- 
WATER HEAD IN A BASIN WITH A PERIODICALLY CHANGING WATER TABLE 

The boundary value problem 

The  mathemat i ca l  model  of  the f low region is similar to  Td th ' s  (1967)  
model ,  with the excep t ion  tha t  the slope of  the water  table is no  longer  
cons tan t :  

H 0 ( y = D )  = Bx / L  (A- l )  

bu t  varies cycl ical ly wi th  t ime (Fig. 4), the  ampl i tude  of  the  cycl ic  var ia t ion 
being C at  x = 0 and x = L. Only  at  the  mid-point ,  x = L/2,  is the elevat ion 
of  the water  table cons tan t :  

H ( y = D )  = B/2 + [(C/L) sin(2~t/P) + B/L] (x -- L /2)  (A-2) 

here  

H0 
H 
D 
B 

L 

t 
p = 

x , y  = 

In Fig. 1 the slope o f  the  wate r  table is exaggerated,  the  real angle being in 

= the head  in the  s teady-s ta te  case 
= the  head in the t ime-variant  case 
= the dep th  to  the  impermeab le  b o u n d a r y  
= the t ime-averaged height  of  the  water  table above the  da tum plane 

y = D, at  the  g roundwate r  divide 
= the  hor i zon ta l  dis tance be tween  the  valley b o t t o m  and the  adjacent  

divide 
t ime 
the per iod  o f  the  f luc tua t ion  o f  the  wate r  table  
space coord ina tes  in the  hor i zon ta l  and vert ical  d i rect ion,  respect ively 
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the order  o f  1 °. As in Td th ' s  (1962)  mode l  the  t rapezoida l  region is replaced 
by a rec tangular  region for  conven ience  in the solut ion o f  the  b o u n d a r y  
value problem.  

Since at  t = 0 the  head  at  the water  table reduces  to:  

H ( y = D ,  t = 0 )  = B x / L  = Ho(Y=D ) 

a suitable initial cond i t ion  to  the  boundary-va lue  p rob lem is: 

H ( x , y ,  O) = H o ( x , y  ) 

where ,  according to  T 6 t h  (1962) :  

H o (x, y)  = S / 2  - -  4B  ~ cos(~ m x / L )  eosh(fl m y/g)/[fl2m cosh(~m D/L)]  (A-2) 
r n = l  

with 

~3m = ( 2 m - - 1 ) T r  

The  so lu t ion  based on this initial cond i t ion  will, however ,  conta in  an un- 
wan ted  t rans ien t  which will vanish for  t--> ~ ,  leaving only  the solut ion for  
con t i nuous  per iodic  m o t i o n  of  the  wate r  table.  

The  comple t e  b o u n d a r y  and initial value p rob lem can n o w  be s ta ted as 
follows: to  f ind the  func t ion  H(x,  y ,  t) which satisfies the dif ferent ia l  equa t ion :  

32H/~x 2 + 32H/3y  2 = (Ss /K)~H/3 t  (A-3) 

subject  to  the  b o u n d a r y  condi t ions :  

3H/3x  = 0 at x = 0 and x = L (A-4) 

3H/3y  = 0 at  y = 0 (A-5) 

H ( y = D )  = B/2  + [(C/L) sin(27rt/P) + B/L]  (x -- L /2)  (n -6)  

and the  initial cond i t ion :  

H ( x , y , O )  = H o ( x , y  ) (A-7) 

where  H 0 is given by  eq. A-2. 

Defini t ion o f  dimensionless variables and auxiliary funct ion U 

On in t r oduc t i on  o f  the  dimensionless  variables: 

h = H/L ,  ho = Ho/L ,  
y '  = y /L ,  b = B /L ,  
d = D/L ,  t' = K t / (S sL  2), 

eqs. A-3--A-7 become:  

a2h/3x'2 + 32h/~y '2 = 8h/3t '  

with  the  b o u n d a r y  condi t ions :  

~h/3x '  = 0 at x '  = 0 

x'  = x / L  
c = c /L  

= 27rSsL 2/PK 

and x '  = 1 

(A.8) 

(A-9) 



8 h / S y '  = 0 at  y '  = 0 

h ( y ' = d )  = [cs in (eo t ' )  + b ] x ' - - c s i n ( c o t ' ) / 2  

and the  initial cond i t ion :  
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(A-10) 

= c ( x '  - -  ~) sin(cot ' )  -t- bx '  
(A-11)  

h ( x ' ,  y ' ,  O) = h o (x ' ,  y ' )  = b / 2  - -  4b ~ cos(tim x ' )cosh( t im y')/[tiZm cosh(tim d)]  
m:l  (A-12) 

At  this p o i n t  i t  is advan tageous  to  in t roduce  the  auxi l iary  func t ion :  

U = h - - h  0 (A-13) 

t h e r e b y  reduc ing  the  p r o b l e m  to :  

Dif ferent ia l  equa t ion :  0 2 U / S x  '2 + 0 2 U / S y  '2 = 8 U / S t '  (A-14)  

wi th  the  b o u n d a r y  cond i t ions :  

8 U / S x '  = 0 for  x '  = 0 and  x '  = 1 

8 U / S y '  = 0 for  y '  = 0 

U = c s i n ( c o t ' ) ( x ' - - ~ )  for  y '  = d 

and 

initial cond i t ion :  U = 0 for  t '  = 0 

S o l u t i o n  

On tak ing  Laplace  t r a n s f o r m s  eqs. A-14- -A-16  b e c o m e :  

O2U/SX'2 + 82u/Oy '2 ---- SU 

8 u / S x '  = 0 for  x '  = 0 and  x '  = 1 

8u/By '  = 0 fo r  y '  = 0 

u = c ( x '  - -  ~)L{sincot '} = cco(x '  - -  ~ )L{cos (co t ' ) } / s  for  

(A-15) 

(A-16) 

(A-17) 

(A-18)  

(A-19) 
(A-20)  

(A-21) 

y '  = d  
(A-22)  

Here  u = u ( s ) =  the  Laplace  t r a n s f o r m  of  U = L { U }  = f o e x p ( - - s t ' ) U ( t ' ) d t  ' 
and s = the  t r a n s f o r m  variable.  

The  general  so lu t ion  of  eq.  A-19,  subjec t  to  eqs. A-20 and  A-21 is: 

u = ~ B m c o s ( m T r x ' ) c o s h [ y ' ( s  + m27r2) 1/2 ] 

where  the  coef f ic ien t s  B m can  be eva lua ted  as: 

B 0 = 0 and  B m =  - -4ecvL(s in  cot ' ) / [ t i~  cosh{d(s + tiz m )1/2 }] 

wi th  
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tim = ( 2 m - - 1 ) u  

Thus: 

u = --4cco ~ [cos ( tmX ' ) / t~  ]L{cos cot '}(1/s)cosh[y '(s  + t ~  )l/: ] / 
m = l  

cosh[d(s + t2m )1/2 ] (A-23) 

The inverse transform of eq. A-23: 

L -1 {u} = g 

can be obtained from the known inverse (Spiegel, 1965): 

L -I {cosh(y's l /2)/cosh(ds 1/2 )} = (2/d) ~ (--1) n-I ~nCOS(O~y')exp(--c~.: t') 
n = l  

where 

~n = ½(2n--  1)zr/d 

and general properties of the Laplace transform: 
oo 

U = --4c sin(c0t') ~ cos(tin x')  cosh(tm Y') / [ t~  cosh(tm d] -- 
m = l  

(8o9c/d) ~ coS( tmX' ) / (~2m ) E (--1)nO~n COS(tYmY')[Tnm COS(cOt') .4_ 
m = l  ? l = l  

co sin(cot') -- 7nm exp(-- ~[,m t ' ) ] /[Tnm (q',2m + C02 )] (A-24) 

where 

Then, after removal of the transient term in eq. A-24 and replacing U 
by h - -h0 :  

h = U + h  o = b / 2 - - 4 [ c s i n ( w t ' ) + b ]  ~'. cos(ti mx ' ) cosh ( tmy ' ) /  
m = l  

[ t  2 cosh(tm d)] (8coo/d) ~ , 2 - -  COS(tmX )/(tim ) 
m=l 

~ .  n ! t (--1) a . c o s ( a . y  )[%,mcos(wt ) + ¢osin(cot')]/[7,~m(72m + W: )1 
r t = l  

(A-25) 

The head distribution (25) is symmetric with respect to the vertical through 
x = L /2  since for x'  = ~: 

cos( tmx')  = cos(2m -- 1)n/2 = 0 for all m 

and h(x '  = 1) = b/2 is constant, and cos[tin (1 -- x')] -- cos(tmx') .  

APPENDIX B --  BASIC ASSUMPTIONS OF THE TOTH MODEL AND ITS E X T E N S I O N  

In a discussion of  the first draft  of  this paper with Prof. van der Molen, Edi tor  of  the 
Journal of Hydrology, it was brought  to the a t ten t ion  of  the au thor  that certain assumptions 
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unde r ly ing  the  c o n c e p t u a l  mode l s  are confus ing  and  need  fu r t he r  discussion and  clarifi- 
ca t ion ;  this  a p p e n d i x  was p repa red  for  the  second  dra f t  of  the  m a n u s c r i p t  in an a t t e m p t  
to  cor rec t  some  of  the  m i s u n d e r s t a n d i n g  which  m ay  resul t  f rom the  concise  m a n n e r  in 
which  the  p r o b l e m  is s t a ted  in the  ma in  tex t .  

Elasticity and compression storage, Ss, vs. basin storage. In wa te r  ba lance  s tudies  of  
comple t e  basins the  s torage t e rm  is r ep resen ted  vir tual ly  in t o t o  by  the  dra inage and  
recharge of the  aqui fer  at  the  moving  wate r  table.  This  s torage by  far ou tweighs  any  
possible var ia t ions  in s torage which  may  be a t t r i b u t e d  to  the  compress ib i l i ty  of  the  pore  
wate r  and  aqui fer  f r ame;  elastic s torage,  however ,  is the  essential  p a r a m e t e r  de t e rmin ing  
the  response  of  g r oundw a t e r  po ten t i a l  and  f low velocit ies in the  subsur face  to local  
pe r tu rba t i ons .  P u m p i n g  wells are a p r ime  example  of  such pe r tu rba t i ons ,  and  it was in 
this  c o n t e x t  t h a t  the  c o n c e p t  of  elastic s torage was developed.  A n o t h e r  d i s tu rbance  of the  
po ten t i a l  is caused by  p rec ip i t a t ion  and  in f i l t r a t ion  to  the  wa te r  tab le  and  evapot ranspi -  
r a t ion  and  lower ing  of  the  wa te r  tab le ;  i t  is this  t ype  of  d i s tu rbance  which  is the  sub jec t  
of the  p resen t  paper  and  since the  response  of  the  po t en t i a l  in the  basin  is unde r  investi- 
gat ion,  the  p a r a m e t e r  of  in te res t  is the  elastic s torage,  even t h o u g h  the  cause of  the  
p e r t u r b a t i o n s  are associa ted wi th  wa te r  tab le  f luc tua t ions .  

Definition of  the domain o f  the boundary value problem. Problems  of  g r o u n d w a t e r  f low 
involving the  wate r  table  have t rad i t iona l ly  been  the  d o m a i n  of  civil and  agricul tural  
engineer ing,  e.g., f low t h r o u g h  ear th  dams and  f low to drains ;  t hey  also have t rad i t iona l ly  
dealt  w i th  the  s ta t ic  case only ,  on  the  a s s u m p t i o n  t h a t  inf low equals  ou t f l ow  and  to ta l  
g roundwa te r  in s torage does no t  vary. The  logical d o m a i n  of  g r o u n d w a t e r  regime for 
these p rob l ems  is a d o m a i n  which  is b o u n d e d  above  by  the  wate r  tab le  itself, and  the  
ma in  di f f icul ty  in this  t ype  of  p r o b l e m  is the  fact  t h a t  the  pos i t ion  of  the  water  table  
b o u n d a r y  is no t  a pr ior i  k n o w n .  Indeed ,  to  f ind the  pos i t ion  of  the  wa te r  tab le  has  o f t en  
been  the  ma in  ob jec t  of the  exercise.  

The  p rob l ems  addressed  by  T 6 t h  are of a sl ightly d i f fe ren t  type.  T 6 t h  and  o the r  
hydro log is t s  work ing  in Albe r t a  had  observed a n u m b e r  of  pecul iar i t ies  of  the  ground-  
water  po t en t i a l  in dra inage basins  on  the  wes te rn  prairies which  could  no t  be exp la ined  
wi th  the  concep t s  of classical geohydro logy .  They  also observed t h a t  the  wate r  table  
across these  basins,  or r a the r  the  po t en t i a l  a t  po in t s  jus t  be low the  wate r  table ,  was fairly 
closely descr ibed by  a l inear  re la t ion ,  or as T 4 t h  expressed it, the  wate r  table  was found  
to be a subdued  repl ica of  the  t opography .  

With this  obse rva t ion  and  the  a s s u m p t i o n  of  no- f low b o u n d a r i e s  a long the  o the r  th ree  
bounda r i e s  of Fig. 1, T 6 t h  had  a comple t e  b o u n d a r y  value p r o b l e m  which  could  be solved 
ma thema t i ca l l y .  With th is  obse rva t ion  no t  on ly  the  pos i t ion  of  the  uppe r  b o u n d a r y  of  the  
d o m a i n  was f ixed,  b u t  also the  po t en t i a l  on  the  b o u n d a r y ;  thus ,  given f u r t h e r  the  differ- 
ent ia l  e q u a t i o n  govern ing  f low in the  in te r io r  and  the  a s s u m p t i o n  of  no- f low t h r o u g h  the  
o the r  th ree  b o u n d a r i e s  of  Fig. 1, the  c o m p l e t e  b o u n d a r y  value p r o b l e m  was def ined  and  
could  in pr inciple  be solved.  T 6 t h  then  made  one  fu r the r  a s s u m p t i o n  to make  the  
so lu t ion  t r ac tab le ;  t h a t  replac ing the  inc l ined  uppe r  b o u n d a r y  by  a ho r i zon ta l  b o u n d a r y  
would  no t  ser iously a f fec t  the  accuracy  of  the  mode l  given the  small  angle of  slope in 
his real basins.  Al te rna t ive ly ,  i t  could  have been  s t a t ed  wi th  equal  val id i ty  t h a t  the  po ten-  
tial on  a ho r i zon ta l  t h r o u g h  the  lowes t  po in t s  of  the  basin would  n o t  be  s igni f icant ly  
d i f fe ren t  f rom the  po t en t i a l  a t  t he  wate r  t ab le ;  thus  it could  equal ly  well be assumed t h a t  
in rough  ou t l ine  the  po ten t i a l  on  this  h o r i z o n t a l  was known .  Thus  the  b o u n d a r y  value 
p r o b l e m  was solved. The  same a rgumen t s  fo rm the  basis for  the  m a t h e m a t i c a l  physical  
b o u n d a r y  value p ro b l em  descr ibed in the  paper  and  the re fo re  fo rm the  c o n n e c t i o n  
b e t w e e n  the  hydro log ic  p r o b l e m  and  the  m a t h e m a t i c a l  p r o b l e m  descr ibed in this  paper .  
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